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Body Fat

Impact and Effect

o are widespread problems
@ increase the risk for

o cardiovascular diseases (e.g., stroke, myocardial infarction)
o diabetes mellitus (type 2)

o cancer

(]

= have an huge impact on public health.
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Measurement of Body Fat

Gold Standards

@ hydrostatic weighing (i.e., underwater weighing):
e time consuming
o “wet”
o ...

o DXA (dual energy X-ray absorptiometry) measurement:
o (quite) expansive
e exposure to radiation
o ...

Anthropometric methods
combine measures such as skinfold (SF) thickness and body
circumferences (CF) and provide an easy and cheap alternative.
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Garcia et al. [2005] propose a linear model to predict DXA body fat
measurements (DEXfat) by anthropometric measurements:

R> 1Im(DEXfat ~ hipcirc + anthro3a + kneebreadth)

DEXfat = — 75.2 4+ 0.5 hipcirc
+ 8.9 {log(chinSF) + log(tricepsSF) + log(subscapularSF)}
+ 1.9 kneebreadth
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Data Set [Garcia et al., 2005]

DEXfat body fat measured by DXA, response variable

age age in years

waistcirc waist circumference

hipcirc hip circumference

elbowbreadth | breadth of the elbow

kneebreadth breadth of the knee

anthro3a sum of logarithm of three anthropometric measurements
anthro3b sum of logarithm of three anthropometric measurements
anthro3c sum of logarithm of three anthropometric measurements
anthro4 sum of logarithm of three anthropometric measurements
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o ldea:
Enhance the linear model by using smooth effects.

o Problem:
Most covariates are assumed to have a monotonic increasing effect.

@ Questions:

o Can we combine smooth effects with monotonic constraints?
o Can we reduce the set of body measures to a relevant subset?
(= Variable Selection)
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Short Review of P-splines
[Eilers and Marx, 1996]
Smooth function can be expressed with B-splines as

J
f(x) = BiBi(x;1) = B"B(x),
j=1

where B;(; /) is the j-th B-spline basis function of degree / defined on a
grid of knots &.
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@ Smoothness enforced by additional penalty on adjacent B-splines:

J(B:d) = Z (A98:)?,

Jj=d+1

where d is the order of the difference penalty.
o Difference operator A? is defined as:

AB; = A'B; = (B — Bj-1)
A6 = A(AB) = B — 2Bj—1 + Bj—2
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@ Smoothness enforced by additional penalty on adjacent B-splines:
J
J(Bid)= > (88)% = BTD/,D ()8,
j=d+1

where d is the order of the difference penalty.
o Difference operator A? is defined as:

AB; = Ay = (B — Bj-1)
A6 = A(AB) = B — 2Bj—1 + Bj—2
o Difference matrix Dy

1 1 0 1
Dy=|0 -1 1 .| py=[0 1 -2 1
o o . 0 L
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@ Smoothness enforced by additional penalty on adjacent B-splines:

J
J(B:d)= Y (A5 = B'D(4D(a)B.
j=d+1

where d is the order of the difference penalty.
o Difference operator A? is defined as:

ABy = AYB = (B — Bj-1)

A6 = A(AB) = B — 2Bj—1 + Bj—2
o Difference matrix Dy

1
Dy=|0 -1 1 .| py=[0 1 -2 1
L 0 .

Q(B)=(y—BB) (y—BB) + AJ(B3: d)
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Monotonic P-splines

Monotonic P-splines

v" Smoothness Constraint:
Difference penalty on adjacent coefficients of B-splines
@ Monotonicity Constraint:

0 1
F0) = ox > BiBi(xi1) = n > ABaBi(xi - 1)

(distance of knots h > 0, B-spline basis Bj(x;/—1) > 0)
= depends only on the first differences of the adjacent coefficients
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v" Smoothness Constraint:
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@ Monotonicity Constraint:

Z@B(x/ ZN@HB(X 1—1)
(distance of knots h > 0, B-spline ba5|s Bj(x;1—1) >0)

= depends only on the first differences of the adjacent coefficients
e Monotonic increasing function:

flix)>0 & A'B1>0 V)
e Monotonic decreasing function:

flix)<0 & A'B1<0 Vj
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Monotonic P-splines

Monotonic P-splines

v" Smoothness Constraint:
Difference penalty on adjacent coefficients of B-splines
@ Monotonicity Constraint:

Z@B(x/ ZN@HB(X 1—1)

(distance of knots h > 0, B-spline ba5|s Bj(x;1—1) >0)
= depends only on the first differences of the adjacent coefficients
e Monotonic increasing function:

flix)>0 < A'B1>0 V)
e Monotonic decreasing function:

flix)<0 & A'B1<0 Vj

e Convexity / Concavity Constraint:

f(x) = ZA Bjr2Bi(x: 1 —2)



Monotonic P-splines

@ “Monotonic coefficients” can be achieved by (additional) asymmetric
difference penalties on adjacent coefficients Eilers [2005]:

J
Twsm(Bic) = 3 v(A8)% = BTD/, VDB,
Jj=c+1

where c is the order of the difference penalty.
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J
Twsm(Bic) = 3 v(A8)% = BTD/, VDB,
Jj=c+1

where c is the order of the difference penalty.

o Important difference to P-spline penalty are weights v;, which are
specified as

{0 if A°B; >0 . .
/i = monotonic Increasing

1 if A°B; <0,

matrix notation: V = diag(v), and difference matrices as above.
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Monotonic P-splines

@ “Monotonic coefficients” can be achieved by (additional) asymmetric
difference penalties on adjacent coefficients Eilers [2005]:

J
Jasym(Bi€) = > v;(AB))*, = BTDHVD(oB,
j=c+1

where c is the order of the difference penalty.

@ Important difference to P-spline penalty are weights v;, which are
specified as

{o if A°B; < 0 _ .
/i = monotonic decreasing

1 if A°B; >0,

matrix notation: V = diag(v), and difference matrices as above.
@ Monotonicity constraint if c =1

o (Convex / concave constraint if ¢ = 2)
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Monotonic P-splines

Estimation of Constrained P-splines
Weights v; depend on 3. Thus:

1) Start with standard P-spline estimate

2) Compute weights v; for B

3) Minimize

Q(B) = (y —BB) ' (y — BB) + MJ(B: d) + A\2Jasym(B: €),
by penalized least squares estimate
B =(B"B+A1D/;Dq) + 2D{,,VD(;)) 'BTy

4) Recompute weights v; with ¢}
5) lterate 3) and 4) until no more changes in v; (usually after 2-3 steps)

Smoothing parameter \; is chosen quite large (e.g., 10°), where larger
values are associated with a stronger impact of the monotonic constraint
on the estimation

StatComp 2010 10 / 21



B-Splines, P-Splines, Monotonic Splines

and their Derivatives

e B-spline estimate and derivative (dashed)
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B-Splines, P-Splines, Monotonic Splines

and their Derivatives

e B-spline estimate and derivative (dashed)
e P-spline estimate and derivative (dashed)
e Monotonic spline estimate and derivative (dashed)
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How ...

@ ...can we estimate generalized additive models with monotonicity
constraint?
@ ...can we include variable selection?

Boosting offers an easy way to combine both tasks.

Furthermore, it offers the possibility to include further types of effects as
categorical effects, spatial effects, random effects etc. (not shown in this

talk).
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Boosting (in a Nutshell)
i = E(y|x;) = h(ni(x;))
with response function h and additive predictor
J
ni(x;) = Bo + Z fi(xi),

j=1
where f; is (e.g.) a smooth or monotonic function.

@ Model fitting aims at minimizing the expected loss with
appropriate loss function p, e.g.,
squared error loss (y — n(x))? for “least squares” models
negative log-likelihood for GLMs

@ In practice: Minimization of the empirical risk
n
-1
R=n"1>"plyi,ni(xi))
—



Boosting
@ minimizes empirical risk (e.g., negative log likelihood)
@ in a stagewise fashion
e via functional gradient descent (FGD).

In each iteration m
@ negative gradient of the loss function u,[m] = - %T’,’") m_1 1S
n=n;

estimated via (penalized) least squares base-learners
(@™ = gi(x) Vv))
@ update only model term corresponding to best-fitting base-learner gj«:
add a small fraction v of the estimate - (e.g., 10%) to the model
= variable selection is achieved

Practical notes
o Base-learners represent functions fj(-) from structured additive
predictor (in the simplest case)
@ We get an interpretable model similar to models from MLE
@ Regularization via base-learner selection and shrinkage

StatComp 2010 14 /21



Prediction of Body Fat

Monotonic Regression using Boosting

Two models are fitted using gamboost () [R package mboost: Hothorn
et al., 2010].

@ P-spline Smoothing:
DEXfat ~ bbs(age) + bbs(waistcirc) + bbs(hipcirc) +
bbs (elbowbreadth) + bbs(kneebreadth) + bbs(anthro3a) +
bbs (anthro3b) + bbs(anthro3c) + bbs(anthro4)

@ Constrained P-spline Smoothing:

DEXfat ~ bbs(age) + bmono(waistcirc, constraint = "inc") +
bmono (hipcirc, constraint = "inc") + bmono(elbowbreadth,
constraint = "inc") + bmono(kneebreadth, constraint = "inc") +
bmono (anthro3a, constraint = "inc") + bmono(anthro3b,
constraint = "inc") + bmono(anthro3c, constraint = "inc") +
bmono (anthro4, constraint = "inc")
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Squared Error (Regression)

Squared Error (Regression)

80 120

40

50 100 150

0

25-fold bootstrap (unconstrained)

1 12 25 38 51 64 77 90

Number of boosting iterations

25-fold bootstrap (constrained)

|

1 12 25 38 51 64 77 90

Number of boosting iterations

@ Unconstrained Model (mstop = 31)

®© 6 o6 o

bbs(waistcirc)
bbs(hipcirc)

bbs(kneebreadth)
bbs(anthro3a)
bbs(anthro3b)
bbs(anthro3c)

o Constrained Model (mstop = 43)
bmono(waistcirc, constraint = "inc”
bmono(hipcirc, constraint = "inc”
bmono(kneebreadth, constraint = "inc")
bmono(anthro3a, constraint = "inc")
bmono(anthro3b, constraint = "inc")
bmono(anthro3c, constraint = "inc”

© ©6 6 o
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Effect Estimates
(early stopping)
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Effect Estimates
(Metop = 100)
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Derivatives

(mstop = 100)

f partal
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Messages
Summary & Outlook

v
v

v

Monotonic P-splines enforce monotonicity

True effects monotone

= (almost) same estimates as unconstrained estimation
Estimated effects can be nicely interpreted

Estimated effects are smooth

(in contrast to other approaches: de Leeuw et al. [2009] (PAVA),
Dette et al. [2006])

Fast estimation procedure

(same magnitude of speed as P-splines)

Idea can be transferred to estimate monotonic effects for ordinal
covariates

Suits nicely in the boosting framework:

o In essence penalized least squares estimate (in contrast to procedures
based on L; penalties as COBS [He and Ng, 1999)])

o No need to change the boosting procedure itself [cf. “Monotonic
Boosting™: Leitenstorfer and Tutz, 2007, Tutz and Leitenstorfer, 2007]
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